Measuring microscopic viscosity with optical

tweezers as a confocal probe

Boaz A. Nemet and Mark Cronin-Golomb

We demonstrate, what is to the best of our knowledge, a new method for studying the motion of a particle
trapped by optical tweezers; in this method the trapping beam itself is used as a confocal probe. By
studying the response of the particle to periodic motion of the tweezers, we obtain information about the

medium viscosity, particle properties, and trap stiffness.

We develop the mathematical model, demon-

strate experimentally its validity for our system, and discuss advantages of using this method as a new
form of scanning photonic force microscopy for applications in which a high spatial and temporal
resolution of the medium viscosity is desired. © 2003 Optical Society of America
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1. Introduction

In the study of colloidal suspensions and polymer
physics and in molecular and cell biology it is often
desirable to have a direct observation in real time of
the changes in the local viscosity that affect the dy-
namics of such objects as colloidal particles, cellular
organelles, and macromolecules. For example, in
cell biology the study of intercellular signaling is ad-
vancing rapidly.! Tissue function heavily depends
on the ability of neighboring cells to communicate.
Cells communicate primarily by secreting cytokines,
which are soluble proteins that diffuse through the
surrounding medium and ultimately bind to recep-
tors where the signal is received.2 These signals
modulate the functional activities of individual cells
and tissue. The diffusion of the signaling molecules
is governed by the gradients in concentration and
viscosity in the intercellular medium. Mapping the
viscosity in such a medium is therefore important for
understanding the processes involved in intercellular
signaling that could have considerable implications
for the interpretation of organ physiology and for
tissue engineering.
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Recently we have demonstrated? that quantitative
mapping of viscosity distributions can be achieved
with a high spatial and temporal resolution by using
a method that probes such viscous environments by
use of photonic force. In that previous research, we
have obtained a detailed map (0.5-pm resolution) of
the relative viscosity in the extracellular environment
of a high-molecular-weight-biopolymer-producing cell
of Aureobasidium pullulans. In this paper we ex-
pand on the experimental and theoretical basis of this
method and discuss advantages, limitations, and ex-
tensions, such as dynamic light scattering and flow
and force measurements.

Optical tweezers have proved a powerful tool in the
investigation of biological systems, and many intrigu-
ing experiments have been performed on the physics
of single molecules (for reviews see, for example, Ref.
4 and references therein). Optical tweezers allow
noninvasive probing and manipulation of cellular en-
vironments. In our device, we use the trapped par-
ticle as the probe to measure the local viscosity. We
approach the detection of that particle in what is to
the best of our knowledge, a new way that employs
confocal optics. The use of confocal geometry is a
natural choice since the setup for optical tweezers is
so similar to the setup for confocal microscopy. It
results in sensitive detection and facilitates fast scan-
ning and beam steering. In this design, the optical
tweezers is also the probe beam of an inverted con-
focal microscope. The trapped object scatters light
from the focal region and is confocally detected
through a pinhole (or an optical fiber) placed in an
image plane. To measure viscosity, we force the
trapped particle periodically by moving the laser



tweezers back and forth across it at frequencies in the
kilohertz range at small amplitudes (~100 nm).
This forcing results in periodic motion of the particle
with the same frequency as the driving frequency and
a phase lag due to the drag. By measuring this
phase lag, we can determine the characteristic time
constant of the motion, which is proportional to the
medium viscosity. If at the same time the particle is
moved through the field of view, a spatial map of the
viscosity is obtained. If this is repeated at different
times and at different depths, we have a full three-
dimensional (3-D) mapping of the viscosity distribu-
tion and evolution.

The outline of the paper is as follows. In Section 2
we describe the experimental procedure and the op-
tical setup. In Section 3 we elaborate on some of the
optical design considerations. In Section 4 we de-
velop the physical model from first principles to the
analytical solution, which is the main result and the
basis of the measurement technique. The analytical
solution is derived from a linearized equation under
nonrestrictive simplifying assumptions. In Section
5 we show results from theoretical research on the
signal-to-noise ratio (SNR) and its dependence on the
various parameters, as well as a comparison with
experimental SNR. In Section 6 we show the
change in trap stiffness with depth within the spec-
imen and give an interpretation of it in terms of
optical aberrations. Section 7 is the discussion. In
Subsection 7A we review some of the existing meth-
ods and show similarities to and differences from our
own method, and in Subsection 7B we discuss exten-
sions to the method, such as localized dynamic light-
scattering microscopy and flow measurement.
Finally, we conclude in Section 8 with a summary of
the main results, followed by an appendix detailing
the signal-to-noise calculations.

2. Experimental Setup and Procedure

Figure 1 shows a schematic diagram of the optical
layout. Linearly polarized light from a continuous
wave (cw) Ti-Sapphire laser (Spectra Physics 3900,
Mountain View, California) is focused by an objective
lens (Edmunds Micro Plan 100X 1.25 NA, Edmund
Industrial Optics, Barrington, New Jersey) to form
the optical trap in the sample. An acousto-optic de-
flector (AOD) (Isomet 1205C-2, Isomet Corporation,
Springfield, Virginia) sets the beam into periodic mo-
tion, causing a trapped probe bead to oscillate in the
transverse direction (only the first-order diffracted
beam is used, whereas the zero order is blocked).
Backscattered light from the trapped particle is des-
canned by the AOD and is detected confocally by
placement of a pinhole or single-mode fiber near an
image plane in front of the photodetector.> The
trapped particle appears as an object in the focal
point of the laser beam. As the particle moves about
in the trap, the confocal signal varies. For a well-
aligned TEM,,, Gaussian beam the signal is maxi-
mum at the center and decreases as the particle
moves away from the focal region. Because of the
hydrodynamic drag, the particle lags behind the os-
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Fig. 1. Experimental layout. The pinhole (P) is placed in an

image plane of the object, forming the confocal detection. These
conjugate planes are marked with #. The AOD is placed at an
optically conjugate plane of the back aperture of the objective lens
(OL). The conjugate planes are marked with *. Two galvanom-
eter SMs are placed in another such conjugate plane (*). The LIA
drives the AOD with a sinusoidal waveform and measures the
magnitude and phase of the APD signal at the second-harmonic
frequency. The scene is viewed with a CCD camera in transmis-
sion through the dichroic mirror (DM) that has high reflectivity in
the IR. SL; is the scan lens.

cillating beam. As a result, the beam traverses the
particle twice in each cycle, and the confocal signal
peaks twice per cycle, yielding a signal at the second
harmonic.

A digital lock-in amplifier (LIA) measures the
phase difference between the confocal signal and the
second harmonic of the spatial oscillation frequency
of the trap. The phase is then used to determine the
local viscosity with the model in Section 4. The fre-
quency and amplitude of the oscillations are set dig-
itally by the LIA, which is used also as the function
generator to supply the sinusoidal voltage to modu-
late the AOD carrier frequency.®

Two orthogonal scanning mirrors at location SM in
Fig. 1 have four functions:

1. They can be used to form an image by x—y
raster scan in the conventional use of the scanning
confocal microscope.

2. They can be used to drag the particle in the
sample, and with our measurement technique, to ob-
tain an image of the viscosity.

3. They can be used to control and manipulate the
laser trap’s position. To accomplish this, we use our
own computer software that integrates the CCD cam-
era, the frame grabber, and the galvanometer drivers
and allows us to take measurements of the viscosity at
desired locations in the field of view. We use the com-
puter mouse for the manipulation of the trap in real
time by moving a cross hair on the computer screen.
The mouse coordinates are translated into mirror co-
ordinates by a linear transformation and sent through
the serial port to the x—y galvanometer drivers.

4. They can be used to manipulate biological cells,
possibly for sorting, in applications in which the vis-
cosity measurement is used as an indicator of high-
producing cells.
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3. Optical Design

Optical tweezers and confocal geometry combine in a
very natural and almost obvious way that is easy to
implement. This arrangement is appealing for two
main reasons: (i) for detection purposes in that the
particle whose position we wish to detect is automat-
ically aligned with the beam since we use the same
laser beam for both detection and trapping and (ii) for
steering capabilities in that the same optical design
considerations that need to be addressed during con-
struction of a steerable laser trap appear during con-
struction of a confocal scanning laser microscope.
The confocal design problem is how to move the beam
at the sample plane without it walking off the back
aperture of the objective lens, which would cause a
reduction in light intensity and severe aberrations.
By solving the confocal design problem, we also solve
the problem for the steerable tweezers.

The standard solution in designing a confocal mi-
croscope is to place the scan mirror or any other
steering device (e.g., AOD) at an optically conjugate
plane to the back focal plane of the objective lens.?:8
In our case, a slight modification is to image the
steering device onto the back aperture of the objective
lens.® This facilitates laser scanning with minimal
loss of light and minimum aberrations since minimal
lateral translation of the beam occurs at such a plane
[marked with an asterisk (¥) in Fig. 1]. In practice
this is implemented with a scan lens (SL) that has
three functions: (i) imaging the SM onto the objec-
tive lens back aperture; (ii) focusing the laser beam to
a spot at a primary image plane, which is translated
to a spot at the object plane by the objective lens (the
optical trap); and (iii) overfilling the objective lens
aperture by approximately 30% to ensure a
diffraction-limited spot size,” as required for a 3-D
stable single-beam trap. Therefore, the focal length
of the SL must satisfy the condition to yield the de-
sired magnification for the beam width at the objec-
tive lens aperture.

The three conditions can be stated in mathematical
form as a system of three simultaneous equations for
the parameters f;, u;, and v, which are respectively
the SL focal length, the SM to SL; distance, and the
SL to objective aperture distance.

G  Ufi=lu+1/vy,
(i1) v; =150 mm + fi,

(iii) vl/ul =M,

where we used for (i) the image formation formula for
a thin lens; for (ii), according to the DIN standard, the
distance from the back aperture of the objective lens
to the primary image plane is 150 mm, and we as-
sumed that the beam is collimated before the SL; for
(iii) the magnification M is known from the width of
the beam before the lens and the size of the objective
lens pupil. For example, with a 2-mm-diameter
beam and 6-mm-diameter pupil, we get M = 1.3 X
6/2 = 3.9.
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Note that if the beam is not collimated before the
SL then the calculation is a little more complicated,
but we can still solve a system of simultaneous equa-
tions, taking into consideration the beam divergence,
to obtain the information on the position of the SL
and its focal length. Another consideration is the
diameter of the SL. Since this lens also collects the
backscattered light from the trapped object (or alter-
natively the fluorescence light), it should be as large
as possible for high throughput to optimize the am-
plitude of the detected signal.

4. The Model

In confocal detection we receive a signal from the
particle whenever it is in the focal region of the trap-
ping beam. We therefore develop a mathematical
model for © = x — p, where x is the transverse posi-
tion of the particle and p is the trap position.l® We
expect a peak in the signal whenever u = 0.

In the following, we describe the main features of
our physical model that relate the measured phase
and the microscopic viscosity. A particle trapped by
the light force finds itself in, to a good approximation,
a quadratic potential well (in the transverse direc-
tion). In this paper, we will consider the analysis of
Newtonian fluids, noting that it is straightforward to
make an extension to cases for which the Stokes—
Einstein relation may be generalized to account for
viscoelasticity.l? In that case, the measured magni-
tude of the viscosity becomes frequency dependent.
The generalized analysis is described elsewhere.

The one-dimensional (1-D) equation of motion of a
particle in a viscous Newtonian fluid undergoing
Brownian motion in an oscillating harmonic potential
is

Y % + klx —p@)] = L(2), 1

where x is the particle’s position, p(¢) is the time-
dependent position of the trap p(¢) = a sin(wyt), and
v is the hydrodynamic drag coefficient. For a sphere
far from any surface, vy is given by the Stokes formula
6mmr, where r is the radius of the sphere and 7 is the
dynamic viscosity.'2 L(¢) is the Langevin forcing
function associated with Brownian motion, and « is
the tweezers spring constant. The inertial term
(mass times acceleration) that would normally be in-
cluded on the left-hand side of Eq. (1) can be ne-
glected on the grounds that in common fluids the
motion of micrometer-sized particles takes place at a
small Reynolds number where viscous drag domi-
nates inertial forces.’2 In terms of u, Eq. (1) be-
comes

d
v diltt + ki = —yaw, cos wyt + L(t). 2)

The assumption that the particle stays near the cen-
ter of the trap also allows us to express the confocal
signal as proportional to 1 — au?, where « is an
expansion coefficient. In our measurement tech-



90+
80—-
704
60:
50 5

40

304 2000 4000 6000 8000 10000 12000 14000

204 o, (rad/s)

Second-Harmonic Phase (deg)

10

Fig. 2. Experimentally measured second-harmonic phase for
1.9-pm diameter silica microsphere in water, for varying laser
power (15 to 60 mW at the sample) at a constant frequency of 600
Hz (O) and for varying frequency (200 to 2000 Hz) at a constant
power of 46 mW (O). Each measurement of ¢, is the average of
512 samples from the LIA (sampled at 64 Hz). The LIA time
constant was 100 ms, corresponding to NEBW of 0.78 Hz. The
errors in ¢, from the standard deviations are smaller or equal to
the size of the symbols and are omitted for clarity. Both sets of
measurements are plotted together after a linear regression fit was
done on each set separately to obtain b. The abscissa parameter
w,T is calculated from wyb/P. The solid curve shows the theoret-
ical curve for which the x axis is cot(¢,/2). Inset: Linear regres-
sion fit to the frequency data, 1 = slope = 1.290 = 0.003 ms with
a correlation coefficient 0.99974. From a similar linear regression
(not shown), we obtain for the power measurements b = 59.48 +
0.27 pd with a correlation coefficient 0.999.

nique, the dominant forcing comes from the periodic
motion of the tweezers, and we detect only the motion
associated with this periodicity in a narrow band set
by the time constant of the LIA. The contribution of
the Brownian motion in such a narrow band of fre-
quencies is small but is the main source of noise.
Therefore we solve the equation without the Lange-
vin term and consider it only later in the discussion of
the SNR. The solution of Eq. (2) is

u(t) = —ug sin(wet + ¢4), 3)

where ¢; = cot™ ! wyT (T = y/k is the relaxation time)
and u, = awyt/[1 + (0g1)%]Y2

We find that the phase of the second harmonic
appearing in u? is given by

(1)2 - 2d)1 b 2 Cot71 WOT. (4')

We verified the validity of our model by measuring
the second-harmonic phase (b5) as a function of the
laser power (P) and the trap oscillation frequency
(0y). Figure 2 shows the results from two sets of
measurements on a 1.9-pm-diameter silica micro-
sphere in water. In one set of measurements, we
keep the frequency of the oscillations constant (600
Hz) while varying the laser power between 15 and 60
mW. In the second set, the laser power is kept con-
stant (46 mW at the sample) while the oscillation

frequency is varied between 200 and 2000 Hz. Ifthe
theory is correct and the trap spring constant is ap-
proximately proportional to power k = kP, where P
is the laser power, then decreasing the power is
equivalent to increasing the oscillation frequency.
We can therefore collapse the data on one graph and
plot both sets as a function of the normalized time
constant w,T.

The parameter b, which is defined by & = 7P, has
units of energy and is a characteristic constant of the
physical conditions of the experiment. It is indepen-
dent of the frequency of the oscillations and the laser
power (note that by definition 7 is inversely propor-
tional to k, which by our assumption is proportional
to P). This independence means that b remains con-
stant for a given particle (size, shape, and refractive
index), the fluid medium (viscosity and refractive in-
dex), and the optical microscope system being used
(objective lens, laser mode, wavelength, etc.). We
interpret it as the amount of electromagnetic energy
needed to make an unforced particle relax to 1/e of
any initial displacement from the center of the trap.
The greater the optical power in the tweezers beam,
the faster a trapped particle relaxes to the potential
minimum.

For the set of measurements in which the power
was varied, we first get b6 = 59.48 * 0.27 pJ from the
best fit to the slope of wy X tan(dby/2) versus P. For
the set of measurements in which the frequency was
varied, we get 7 = 1.290 = 0.003 ms from the best fit
to the slope of cot(db,/2) versus w, (see inset in Fig. 2),
and using P = 46 mW we have b = 59.73 = 0.15 p.J.13
For this set of measurements the trap constant is k =
1.38 X 107 + 3.2 X 10”8 N/m, where we used y =
1.79 x 10 8 kg/s from the known viscosity and par-
ticle size. The main graph in Fig. 2 shows ¢, versus
w7 for both data sets for which we used 59.73 ndJ for
the value of 6. Also plotted is the theoretical line
cot(do/2). One of the advantages of our technique is
that it allows us to optimize the sensitivity of the mea-
surement by varying P, w,, or both, enabling us to
make measurements over a large range of medium
viscosities without changing the apparatus while keep-
ing the SNR high, as can be seen from Eq. (5) below.

The results show that Eq. (4) holds and reaffirms
the proportionality assumption between k and laser
power P. We also see that the parameter b is the
same for both sets of measurements, which shows it
is independent of both w, and P as can be seen from
Eq. (5) below. Changes in the value of b thus rep-
resent real changes in the medium viscosity and can
be used to monitor biological, physical, or chemical
processes.

To deduce the absolute viscosity of the fluid we
need to measure the trap stiffness independently.
This could be done either by another method, such as
the escape force method,* or by use of a standard
medium for calibration. In many cases, only rela-
tive viscosities need to be determined, for example, in
a cell-sorting application in which we are interested
in the cell producing the highest viscosity in a given
population. In cases in which an absolute measure-
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ment is required, we can calibrate the system using
materials of known viscosity, such as water or glyc-
erol. Calibration against standards is preferred
over ab initio calculations because we do not need to
take into account the physical parameters of the
probe particle or the inaccuracies of the available
theory regarding the trap stiffness k. Once calibra-
tion is done, we need only one measurement of the
phase ¢, to determine the viscosity of a given me-
dium. If 3-D measurements are needed in an inho-
mogeneous medium, then calibration of the trap
stiffness needs to account for the variation in depth
inside the medium (see Section 6). We note that for
accurate mapping of the viscosity, it is important that
the variation in refractive index be small, such that
the trap stiffness does not vary appreciably. If this
is not the case, then the measurement is complicated
by the inability of our method to decouple the change
in index from the change in viscosity.

5. Signal-to-Noise-Ratio

A full analysis of the SNR of our measurement tech-
nique is given in Appendix A. Here we present
the main ideas and the basic result from that re-
search, which we believe is pertinent to understand-
ing the advantages of the technique. The approach
in the calculation is to look at the equation of motion
of the particle and to include the Brownian motion as
the main source of noise in the measurement under
the assumption that the detector is not limited by the
light intensity. The thermal excitation adds a ran-
domly fluctuating component to the position of the
particle. Since we are dealing with a linear system,
the solution for the relative position u is a superpo-
sition of the purely sinusoidal function with low-pass
filtered noise (the Lorentzian spectrum). A qua-
dratic approximation to the confocal point-spread
function (PSF) is used to relate the particle’s displace-
ment to the signal voltage. Since the detection is
nonlinear in relative displacement u, we find a mod-
ulation of the thermal noise at frequency w, by a
signal-noise cross term that is the main source of
noise at the narrow measurement band (2Aw) cen-
tered at 2mw,. These considerations allow us to ob-
tain an analytical expression for the viscosity SNR
defined as SNR, = n/An, where An is the rms fluc-

tuation of the viscosity ),
9 1 1/2
SNR, = (07 - ) NG

T (wer)?+ 1 (kBT)1/2 <8A0)T

K

We first note that the SNR is proportional to the ratio
between the amplitude of the oscillation a and the
rms thermal fluctuations (k5T/x)/2. We also note
that for long time constants or high trap oscillation
frequencies, the SNR approaches a constant value.
We can rearrange Eq. (5) and write
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Fig. 3. SNR of the viscosity measurement for 0.9-pm-diameter
silica microsphere in water with 18 mW of laser power at 815 nm
and a constant NEBW of 2.6 Hz. The characteristic frequency
fc = 585 Hz is indicated by the dotted line. The solid curve is the
theoretical curve (see text for details).

where

1

I~ Ka rms
SNR,” = 12 = L™ g
" [zka T(zAm)]1/2 FwLangevinrmS

At high viscosities (wyr >=> 1), for constant laser
power, the sensitivity in the measurement of the vis-
cosity saturates at a value (SNR, ™) that is given by
the ratio of the rms spring force of the laser trap to
the rms Langevin force in the bandwidth 2Aw. In
the other extreme in which w,r << 1, the SNR in-
creases like the square of the viscosity. We see that
if we operate in the regime of high viscosity, we can
reach high SNR where the only limiting factor is the
amount of laser power that we have available (since
k is proportional to the laser power). However, if
speed of measurement is of concern then, as shown in
Eq. (5), we are also limited by the bandwidth of the
LIA.

In a typical experiment the laser power at the sam-
ple plane is 18 mW at 815-nm wavelength. We use
a 0.9-pum-diameter silica microsphere in water (n =
1 X 10 %kg/m/s), an amplitude ¢ = 100 nm, k =
3.12 X 107° N/m, and a bandwidth of 2.6 Hz, which
is the noise-equivalent bandwidth (NEBW) of the LIA
when it is set with a time constant of 30 ms and a
filter slope of 24 dB/octave.l’® Figure 3 shows the
SNR measured under these conditions for a range of
oscillation frequencies (the laser power and measure-
ment bandwidth were kept constant). The time con-
stant 7 = 0.272 = 0.0014 ms was found from a fit to
Eq. (4). Values for the experimental SNR were
calculated with SNR, = (sin ¢,)/Ad, [derived by
the definition of SNR, and by Eq. (4)], in which we
used the mean and standard deviation from 1024
samples of ¢, (sampled at 64 Hz) for each data
point.16 The theoretical SNR is also shown by the



solid curve, where we fitted Eq. (5) to the data with
the free parameter SNR,”. The value of SNR,~
from the best fit to all the data points is 65, whereas
the theoretical SNR,” calculated with the parame-
ters above is 46.5. The discrepancy might be ac-
counted for by the uncertainty in the value for the
oscillation amplitude a and variations in the laser
output power.

The SNR sets a limit to the dynamic range of vis-
cosities that can be accurately measured for a given
optical power. We estimate the dynamic range us-
ing Eq. (5) to be of the order of 2 decades. For a fluid
of viscosity 200 times that of water, the SNR drops to
m/An = 5. This estimate assumes the following pa-
rameters: a 0.9-pm-diameter silica microsphere, an
800-nm trap wavelength, a k = 2 X 10~° N/m trap
constant, an f = 1100 Hz tweezers oscillation fre-
quency, a trap oscillation amplitude 0.14 pm, and a
lock-in time constant 100 times the period of oscilla-
tion of the trap (Aw = 5 rad/s). Note that a larger
dynamic range can be achieved by one’s increasing
the laser power or by one’s reducing the detection
bandwidth, but the latter comes at the expense of
reduced speed. From Eq. (5) we see that by increas-
ing the oscillation amplitude we can increase the
SNR and as a result the dynamic range. Finally, we
note that the SNR in the viscosity measurement is
equivalent to the SNR in « since

-
M A'y_AK'

If we know vy from a priori knowledge of particle
radius and medium viscosity, then this equivalence of
SNRs means that we can have a high-precision cali-
bration of the transverse trap stiffness. For exam-
ple, for an SNR of 65 in water, we get the value of
with a precision of 1/65 or 1.5% by a single measure-
ment of the second-harmonic phase, which takes
about a second to complete.

6. Trap Stiffness

In confocal microscopy 3-D visualization is made pos-
sible by the depth discrimination property.”17 This
property allows us, in this setup, to drag the probe
particle to deeper depths far from the cover glass and
to obtain 3-D information of the viscosity distribution
in a given medium. To do that, however, we need to
first determine how the transverse trap stiffness (k)
varies along the axial (z) dimension. A complication
that arises is the fact that objects moving close to a
surface experience an increase in the drag due to the
no-slip boundary condition. For a sphere moving in
a viscous fluid near a surface, it was shown in Ref. 18
that the modification to the Stokes drag coefficient is
given by a multiplicative factor involving the ratio of
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Fig. 4. Trap stiffness as a function of distance from the cover
glass. « is calculated by means of v./7(C]) and by means of
v.&(z)/7 (O) with Brenner’s formula for the correction near the two
surfaces (see text). We obtain T from measurements of the
second-harmonic phase for the following conditions: 1.9-pm-
diameter silica microsphere in water vy, = 6mnr = 1.79 X 1078
kg/s, constant laser power of 29 mW at the sample, 815-nm wave-
length, constant frequency of oscillations of 500 Hz, objective lens
100X magnification, and 1.25 NA oil immersion. Solid lines are
drawn to guide the eye. Each data point is the mean of 512
samples (sampled at 64 Hz where the time constant of the LIA was
300 ms and 0.26 Hz NEBW). Error bars obtained from the stan-
dard deviations.
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Figure 4 shows results from a set of measurements of
the second-harmonic phase taken at different dis-
tances (z) from the bottom cover glass. We in-
creased z in steps by moving the objective lens
assembly using a stepper motor actuator. We plot
as a function of z by calculating v../7, where vy, =
6mmr = 1.79 X 10 ®kg/s is the value for the Stokes
drag for 1.9-pm-diameter silica microsphere in water
far from any surface. We also plot k after correcting
for the drag near the bottom (coverslip) and top (glass
slide) surfaces by calculating v.g(z)/7. The correc-
tion factor is only important close to the surface,
where the distance is of the order of the particle’s
radius.’® The figure reveals a complicated relation
of the transverse trap stiffness dependency onz. We
find that the trap stiffness initially increases approx-
imately linearly with distance from the coverslip. It
then falls sharply in the middle of the chamber and
then stays relatively constant until another final de-
crease close to the top surface. The variation in trap
stiffness, we believe, originates in the severe spheri-
cal aberrations that result from the use of an oil-
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immersion objective lens. When the focus is
immediately below the coverslip, there are minimal
aberrations, but as the focus is moved further deep
into the water, the ray paths do not converge since
off-axis rays experience more refraction at the
coverslip—medium interface.® This results primar-
ily in a decrease in axial trap efficiency, which moves
the equilibrium position of the particle in the z direc-
tion further down the beam. This decrease, in turn,
results in a change in transverse trapping since the
particle experiences a different lateral gradient in the
new z position.2021  The interpretation of the trap
stiffness measurements is not straightforward and is
sometimes even counterintuitive. We find it rather
surprising that the observed transverse trap stiffness
actually increases with depth. This result suggests
that as we increase z, the particle experiences a
sharper gradient in intensity in the lateral (x—y)
plane. Whatever the reason for this dependency, it
is clear that it must be considered when the method
is applied to measure viscosity in an inhomogeneous
medium at different depths.

7. Discussion

A. Comparison with Other Methods

To the best of our knowledge, there has been no pre-
vious study of optical tweezers as a confocal probe to
monitor the position of a particle relative to the cen-
ter of an oscillating trap or the associated use of
second-harmonic phase detection to obtain 7. Viss-
cher and Brakenhoff?2 combined optical tweezers
with a confocal microscope but not in the same way
and not for the same purpose. In that arrangement
there were two separate paths for confocal imaging
and laser trapping with two different objective lenses
from opposite sides of the sample. Their device at-
tempted to use the laser to keep an object trapped and
to manipulate it while at same time supplying confo-
cal scanning imaging of the field of view to a CCD
camera. A special trap objective lens was con-
structed to allow the 3-D manipulation of the object
by moving the effective lens inside the objective lens
itself. Their device does not make use of confocal
detection to measure the displacement of the particle
from the trap center. The confocal part is used
strictly for 3-D sectioning, and there is no attempt to
measure T.

There are numerous reviews in the literature of
photonic force calibration techniques.+1423  Florin et
al.23 divide these methods into two main categories:
one, calibration against known forces (such as Stokes
friction and gravity) and two, analysis of thermal
fluctuations. We can look at another subdivision for
methods that require a well-calibrated position sen-
sor of the trapped particle and methods that instead
measure temporal changes in the signal and do not
require an absolute distance measurement. Viss-
cher et al.* describe and compare the following meth-
ods: escape force, drag force, step response, power
spectrum, and equipartition. With the exception of
the last, all methods essentially measure 7. The
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trap stiffness is derived from knowledge of v (kx =
v/7), and one obtains force measurements by assum-
ing a Hookian spring force for the trap and using a
position sensitive detector. For accurate force mea-
surements, both the trap stiffness and the position
signal need to be well calibrated. For position de-
tection most methods use a quadrant (or split) pho-
todiode placed in an image plane. In one example,
Florin et al.23 use such detection to measure the po-
sition and use Boltzmann statistics to analyze the
thermal noise and obtain the shape of the potential
well of the trap. They deduce k from the best fit to
harmonic potential.

To make a fair comparison requires accounting for
the purposes of each technique so that its advantages
and disadvantages can be evaluated. Although our
method could be used to calibrate the trap stiffness, it
was developed specifically to be fast and robust for
scanning the laser beam (as in confocal microscopy)
and not for absolute position detection with the nano-
meter resolution, needed, for example, for picotensi-
ometry.

Advantages of our technique stem from the follow-
ing:

¢ The simplicity of the optical setup—its auto-
matic alignment property and the solutions it pro-
vides for laser beam manipulation.

e The active use of photonic force to move the
particle at high frequencies (kilohertz range) by the
AOD.

¢ The highly sensitive detection of the particle’s
displacement from the trap center.

¢ The scanning capability and the large photon
fluence at the detector, all resulting from the confocal
geometry.

¢ The use of a digital LIA to accurately measure
the second-harmonic phase with a narrow noise
bandwidth, yielding a high SNR while maintaining a
short data-acquisition time.

e The fact that, unlike the techniques of power
spectrum and Boltzmann statistics, there is no need
to fit the data in our measurement. This factor al-
lows for a real-time measurement without compli-
cated analysis.

Methods belonging to the category of thermal fluctu-
ations, use the wide Brownian spectrum of the
trapped particle to deduce the stiffness k from the
Lorentzian spectrum corner frequency f,. The ran-
dom fluctuations in the position of the particle are
monitored typically by a position-sensitive quadrant
photodiode arrangement.142425 These methods
could be used to measure microscopic viscosity in a
similar way to that of our device. However, they are
not suitable for fast scanning for two main reasons.
First, they are not suited for beam scanning since as
the trapping beam moves, the image of the particle
moves off the center of the split photodiode. There-
fore, they can scan the sample only using motors or
piezoelements on the microscope stage, which are
much slower than moving the laser itself. Secondly,



these methods are not fast owing to the long integra-
tion period inherent in a wideband spectral measure-
ment. In most methods employing the position-
sensitive detector, the trapped particle acts like a
microlens that collimates the light. Different size
particles have different effects on the light path, and
as a result, realigning and recalibrating the position
sensor is needed every time a new type of particle is
trapped.

In our opinion the use of an active periodic forcing,
rather than the use of the Brownian spectrum, is
more adaptive to environmental constraints; large
variations in the medium viscosity can be handled by
the ability to change the trap stiffness or oscillation
frequency. Our method does not rely on thermal
excitations to supply the forcing; it shifts the mea-
surement away from the thermal Lorentzian noise
and the low-frequency mechanical noise spectra to a
much higher frequency of our choice. For example,
without special isolation from mechanical noise and
sound, vibrations from environmental disturbances
would be picked up by the system and would appear
in the power spectra as peaks at the harmonic fre-
quencies.

The technique described by Valentine et al.26 is the
one that is most similar to ours. They also use an
active force rather than a thermal noise and measure
the response of a particle to periodic forcing by optical
tweezers employing lock-in detection. The main dif-
ference between their device and ours is the use of a
split photodiode and not confocal detection for the
particle’s position. In addition, it is slower, as can be
seen by considering the SNR.

Using similar considerations to the ones leading to
Eq. (5), we calculated the SNR for the case of Valen-
tine’s device (see Appendix A) where we define o, =

1/
1/2
WW, a w, ®)
0, + 0,2 (kBT)l/Z <8Aw) '

K

Valentine __
SNR, =

The ratio between the SNRs of the two methods is
simply wgT.

Confocal
SNR,

Valentine
SNR,

The advantage of applying high-oscillation frequency
to the trap is the ability to make a quick measure-
ment while integrating over many periods. This
ability leads to the possibility of fast scanning viscos-
ity microscopy.? The shorter the integration time,
the larger the measurement bandwidth. If we ad-
just the measurement bandwidth (Aw) to be propor-
tional to the tweezers oscillation frequency (wg), the
SNR is maximized when w,r = V3 for the confocal
case and when o, = V1/3 for Valentine’s method.
In Fig. 5 we compare the signal-to-noise behavior of
Valentine’s device to ours by plotting the SNRs as a
function of frequency using Eqgs. (5) and (8). Notice
that at low frequencies, Valentine’s method is supe-
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Fig. 5. Comparison of the theoretical SNR of the viscosity mea-
surement for the confocal detection (our device) and for the split-
photodiode  position detection (Valentine’s device). The
measurement bandwidth was taken to be proportional to the os-
cillation frequency. The SNR of the two methods are equal at the
characteristic frequency, which was taken to be f. = 585 Hz (as
used in Section 5). The confocal SNR peaks at V3 f, = 1013 Hz,
whereas Valentine’s SNR peaks at 1/V3 £, = 338 Hz. The three
frequencies are marked with dotted lines. From left to right these
are the frequency of peak SNR for Valentine’s device, the frequency
where the SNR of Valentine’s device is equivalent to ours, and the
frequency of peak SNR for our device.

rior to ours, since the split photodiode ac signal is
large when the bead can follow the trap, but the
confocal ac signal is small since the particle stays
close to the center of the trap. But at high frequen-
cies, required for high data-acquisition rates, the
confocal detection SNR significantly exceeds that of
the split photodiode method. The SNR decreases
as w, /?in the confocal case but as w, *Zin the split
photodiode case.

Florin et al.27 combine optical tweezers and a two-
photon fluorescence microscope to measure surface
topography and stiffness. While they do not actively
move the particle, they detect its position in a way
similar to a confocal microscope. Their method
eliminates the need for the pinhole, but it is limited
by the need for an ultrafast laser.

Meller et al.28 proposed the approach of localized
dynamic light scattering (LDLS) on a particle
trapped by optical tweezers. They compute the tem-
poral autocorrelation function (ACF) of the scattered
intensity and relate it to the particle position corre-
lation function to obtain . In comparison with the
other methods discussed, their method does not use a
position sensor, but it requires careful alignment of
the probe fiber and isolation from low-frequency noise
that otherwise decreases the SNR. In addition, it
requires a long integration time for the statistics to be
reliable (a few minutes as compared with less than a
second for our method3). There are, however, ad-
vantages in getting the position ACF, which can re-
veal the existence of more than one relaxation time,
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since it probes a very wide spectral range (microsec-
onds to seconds). In the case of complex fluids, the
information in the ACF can be used to obtain the
viscoelastic and shear modulus.2?

B. Possible Extensions of the Technique

In complex fluids such as gels or entangled polymer
matrices, the viscoelastic properties are a function of
frequency. Our method could be modified to include
measurements of the frequency dependence of the
viscosity, but this would detract from its speed. For
complex fluids, the ACF does supply the relevant
information. We can, however, apply the approach
of LDLS to our device in a mode that uses the trap in
a stationary position with no external forcing. The
backscattered light signal is fed to an autocorrelator
rather than the LIA. Compared with the optical fi-
ber detection used by Meller et al.,28 this arrange-
ment is simpler, more robust, and provides a strong
signal by the use of our confocal detection. The price
for simplicity in optical design and implementation is
the complexity of the data interpretation as noted by
Kaplan et al.2° In traditional dynamic light scatter-
ing we collect light at a particular wave vector and
from a volume containing, in general, many particles
or molecules that are free to move in and out of this
volume.3° By contrast, we have a single particle
trapped in the tweezers, and the signal is made up of
mixing of all wave vectors collected by the objective
lens’ high numerical aperture. Another complica-
tion in the data interpretation arises when we con-
sider the 3-D nature of the fluctuations and the
asymmetry in the axial versus lateral trapping.
These factors lead to different relaxation times for
lateral and axial motions, which are reflected in the
shape of the ACF.

To simplify the interpretation of the ACF, we pro-
pose to view the fluctuations in the detected intensity
as a random sampling by a point particle of the PSF
of the confocal microscope. This is the same ap-
proach that was used in the derivation of the SNR,
which seems to agree quite well with experiment.
Thus the ACF of the confocal signal can be inter-
preted to first-order approximation as the ACF of the
square of the displacement of a point particle from
the geometric focal point. In many cases only the
mean square fluctuations are important, so the fact
that the confocal signal is insensitive to direction is
unimportant, and we obtain all the relevant informa-
tion.

As an example for the use of this detection model to
obtain the ACF, we can look at the simple case of a
particle in a stationary trap undergoing Brownian
motion in a Newtonian fluid. If u is the displace-
ment from the trap center, the fluctuations in posi-
tion for a stationary trap result from the thermal
noise. In this case u(t) = N(¢), where N(¢) is as-
sumed to be wide-sense stationary (WSS) Gaussian
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noise with a Lorentzian power spectral density and
an exponentially decaying ACF,

—— kT
Ry(t) = N(¢) N(0) = BT exp(—w,|t]),

where w, = 1/7 (10)

with a variance that is equal to the mean-square
position fluctuations

N2(t) = RN(O) = kBT/K.

Given these assumptions it can be shown that the
ACF for the confocal signal from a Brownian particle
in a stationary trap in a purely viscous medium is
(see Appendix A)

T

(11)

[ [ 2em{22)
Ry(t) =y(0) y(0) = | =2 | {1+ 2 exp| -2 ] |,

where y = u? is the time-varying confocal signal (for
correlation functions, ¢ denotes the delay time not
actual time).

We believe that further research on the interpre-
tation of the ACF from the confocal signal of trapped
objects in different environments would make this
mode of operation of the microscope very useful.
This possibility could extend the capability of our
device to microrheological measurements and to the
study of the properties of complex fluids and systems
such as Actin networks and entangled polymers.

Apart from rheological data, LDLS on trapped par-
ticles could open the door for a totally different type of
experiment in which the trapped particle itself is the
subject of interest. We can, for example, obtain in-
formation on the particle size from the ACF, or in the
case of a live object, learn something about its state.
For instance, it is quite easy to trap bacteria in the
laser tweezers (near-infrared light is used to mini-
mize photodamage). Since we expect the temporal
statistics of the fluctuations in position of motile bac-
teria to be different from that of a nonmotile bacteria,
we can use the ACF to differentiate between the two,
and thus to distinguish between bacteria in different
states, perhaps live or dead bacteria (although death
in bacteria is not strictly defined by lack of motion).
The reasoning is that for an inanimate object (such as
a dead bacterium), trapped by the laser tweezers, the
ACF should look like the Brownian particle’s ACF, in
which the hydrodynamic size is the important param-
eter determining the correlation time. However, for
a motile bacterium in the trap, the temporal correla-
tion in position would be affected by the additional
independent motion, which is not purely random but
is correlated for some short interval, and would there-
fore extend over longer delay times. The optical
tweezers could be used to rapidly scan and interro-
gate different bacteria to determine which cells are
alive or dead, or alternatively, we can apply different
antibacterial substances to a single trapped bacte-



rium and monitor the ACF for changes, thereby test-
ing the efficacy of the drugs.

Finally, we have recently shown3! that flow in the
medium in the direction of oscillations, does not affect
the second-harmonic phase but adds a fundamental
frequency component, the magnitude of which is pro-
portional to the flow velocity. The reason for this
effect comes from the particle being pushed to one
side by the drag force and the confocal detection being
nonlinear. Thus, a measurement of the flow (in one
dimension) as well as the viscosity of the medium can
be done simultaneously.

Similarly, it can be shown that a constant force on
the particle in the direction of the oscillation can be
measured by use of the magnitude of the fundamen-
tal component. This fact could prove useful, for ex-
ample, for measurements of the flexibility of single
molecules, where the particle is pulled on one side by
the force of the tweezers and on the other side by the
tension force from the molecule being stretched.

8. Conclusion

We have presented a method to measure relative
viscosity of a fluid on a microscopic scale. The com-
bination of periodic forcing of trapped particles at
high frequencies with confocal detection leads to a
high SNR measurement, which facilitates fast scan-
ning in three dimensions. Since the measurement is
based on time and not distance, it requires no posi-
tion calibration and is simpler to implement with the
use of a phase-sensitive digital LIA.

We have developed a model to relate this phase lag
to the medium viscosity and trap stiffness and dem-
onstrated experimentally that the linear model holds
by measuring the dependence of the second-harmonic
phase angle on the frequency of oscillations and laser
power. The results show excellent agreement be-
tween the experiment and the theoretical prediction.

A comparison to existing methods shows that our
optical setup and detection technique allow fast data-
acquisition and scanning capabilities, which are usu-
ally lacking in other techniques. We believe that
these qualities of our device could make it a poten-
tially important complementary imaging tool in such
biological and medical applications that demand pre-
cision and high spatial and temporal resolution of
viscosity distributions.

Appendix A

1. Relative Position-Sensing Signal-to-Noise
Ratio—Confocal Detection

To calculate the SNR in the viscosity measurement,
we include the Brownian motion since this is the
main source of noise; the detector is not limited by the
light intensity. The fluctuations in the signal can be
traced back to the fluctuations in the position of the
particle that gives rise to intensity fluctuations of the
scattered light. The intensity fluctuations depend
on the position fluctuations through the PSF of the
optical system, the Gaussian beam profile, and the
particle form and size.

In general, one needs to calculate a convolution
integral of the PSF with the field amplitude at the
plane of the particle and to take into account the
wave vector dependency and the particle’s curvature.
For the sake of simplicity, supposing the bead stays
close to the center of the trap, we can approximate the
confocal signal as quadratic in the displacement u of
the bead from the center of the trap.

I(t) = 1 — au?(t), (A1)

where « is an expansion coefficient.

Our approach is to calculate the PSD of y(¢) = u2(t)
and to identify in it the contributions to the signal
and the noise in our experiment. We start with Eq.
(2), including the Langevin term L(¢),

du(t)
dt

L(t)

+ w.u(t) = —— — awy cos wyt.
Y

(A2)

L(¢) is a random variable with the following proper-
ties32:

1. It is a WSS process with zero mean L(t) = 0
(where [-] denotes ensemble average).

2. Tts ACFisgivenby R, ,(t') = L(t')L(0) = q 3(¢'),
where g = 2vkg T, kp is Boltzmann’s constant, and 7'
is absolute temperature.

3. It has a Gaussian probabilitxztiinsity function
(PDF) with the variance given by L“(¢) = q.

4. Tt is WSS white noise with a constant PSD

Si(@) = |L(w)* = g.
In terms of w, = 1/7 the solution of Eq. (A2) is

u(t) = —u, sin(wyt + dq) + N(2), (A3)

where

Uy = awy/ (0 + w)"?

by COt_l(wo/‘ﬂc)

as in Eq. (3), where N(¢) represents the Brownian
position fluctuations due to the stochastic forcing. It
corresponds to filtered noise that is no longer white
after passing through the low-pass filter formed by
the restoring force of the trap. Like the input noise,
it is a WSS Gaussian process with zero mean, but a
PSD of a Lorentzian form,

Syw) = NP =5 L 5= 2T
MO T Y0+ 0 (0 + o)
kBT 2(1)0
:()m A

(where we used k = yw.). It has an exponentially

decaying ACF

kT
Ry(t") = N(&') N(0) = = — exp(—a.|t']), (A5)
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and a variance equal to the mean-square position
fluctuations

N¥(0) = Ry(0) = 2T

The solution for the ac component of the confocal
signal is
y(t) = u?(t) = uy’ sin*(wot + by) + N2(t) — 2N(¢)

X Ugy Sin((l)ot + d)l) (AG)
The first term on the right-hand side of Eq. (A6)
represents the signal in the detected intensity, and
we denote it as yg. We denote yyn = N? as the
noise—noise term, and the last term y g, as the signal—

noise cross term. The Fourier transform of the sig-
nal is

2

Fs(w) = ”7 [25(w) + 8(w — 200)exp j2b;

+ 3(w + 2wg)exp—j2d4]. (A7)

The PSD of the y,,y derived from standard theory32 is

8w,
o’ + (20,2’
(A8)

P —"T= k
Sin(w) = |Fan(w)]? = ( i ) (a<w> +

and its ACF Ry, is

Ryn(t') = yn(t") yn(0)

2
= (kBT> [1+ 2 exp(—20t'])]. (A9)
K

The cross term ygy = 2N(t) u, sin(wyt + ¢;) can be
treated as a modulation of the noise fluctuations by a
sinusoid of frequency w,, which results in a shift of

the Lorentzian spectrum to that frequency.?® Using
Eq. (A4) results in the PSD of ygy being
Sen(w) = u02|N(w - 000)|2
kBT 2w
=u,’ - Al
uo(K)(m—mo)Z+wc2 (A10)

plus a similar expression for negative frequencies.
The amount of power in a small bandwidth 2Aw

around the second harmonic 20, in signal, noise—

noise, and signal-noise cross terms are respectively,

4 4
Uo (aw)
SP2(»O = ? = 8((1)02 n (1)02)2 , (A11)
ExT\® oA
NPau =477 ) o+ w2 A2
0 c
ksT\ 4a’0.0,° Ao
SNP,,, = ( - ) (of + 0 d)? (A13)
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The SNR in the magnitude of the component detected
at 2w, is given by

(A14)

SP,, 12
SNR, = 0

NP,,, + SNP,,,

For all practical cases, SNP,, is much greater
than NP, (except for very small’ ®y). The ratio of
the square ’of the amplitude of the oscillation (a?) to
the mean-square thermal fluctuations (kz7T/k) is
usually of the order 100. Therefore, the pure noise
term NP can be neglected in the SNR calculation and
we conclude that

SPs,, _ a o [ o 1z
SNP,,, _<kBT)1/2 3200/

SNR, ~ (

K

(A15)

The last approximation not only simplifies the ex-
pression for the SNR but is important for another
reason. Although thermal fluctuations occur ran-
domly in all three dimensions, the scalar product in
the last term of Eq. (A6) ensures that only those
fluctuations that are aligned with the axis of the
oscillations of the trap will contribute to the noise in
the measurement. The other fluctuations contrib-
ute only to the uncorrelated noise—noise term that we
have neglected. Thus, the random movement of the
particle in the z direction (parallel to the optical axis)
will not considerably contribute to the noise in the
measurement when the particle is forced to oscillate
in the transverse direction. The insensitivity to mo-
tion in the z direction is a consequence of the square
law detection, which is a unique feature of the con-
focal (relative) position sensing and of the fact that
lock-in detection allows the measurement to be cen-
tered at frequencies away from those of the nonmodu-
lated noise spectrum.

Assuming that the in-phase and quadrature noise
are of equal magnitude, the uncertainty in the mea-
sured phase angle Ad, can be approxunated by Ady, =~
tan™ I(Ayzm /Y24,), Where y,, is the average (in the
rms sense) amphtude measured by the LIA at 2w,
and Ay, is the rms error (standard deviation from
the meancﬁ For large SNR (which is the case in our
technique) we can safely make the small-angle ap-
proximation [tan '(§) ~ 6] and obtain

Ay 2wq _ 1
Yy 2w SNRfy ’

where Ad, is in radians).

Ady =

(Al6)

To find the SNR in the viscosity measurement, de-
fined as SNR, = n/An, we recall that the drag coef-
ficient vy is proportional to viscosity. From our model



we know that y = (k/wg)cot(dby/2) [see Eq. (4)] and
that a straightforward calculation shows that

B _ Y sin ¢,
SNR, = SNR, = SNR, Ay Ad,
—ML—MSNR (A17)
0wl t o Ad, T w02 7
which gives us the final result
2 1/2
_ (O a W,
SNR, = 02 + 02 (kyT/k)"? (SAm)
SNR,”
(A18)

"1+ (0/w)?

where SNR,“ is the SNR at the infinite oscillation
frequency.

2. Absolute Position Sensing Signal-to-Noise
Ratio—Valentine’s Method

We now turn to the SNR analysis for the device of
Valentine et al.,26 which uses a similar technique to
periodically force the bead and measure its response.
In that device, the bead is imaged directly onto a split
photodiode, and the differential signal is used as an
indicator of the position. This is a common method
to sense microprobes positions in many optical
tweezers—based experiments.

The derivation of the SNR is very similar; the main
difference is that there is no cross term and that the
magnitude of the noise and the signal is not squared
since this is a linear detection of the position. How-
ever, since their device detects the absolute position,
the amplitude of the signal decreases with frequency.

The equation of motion under periodic forcing for
the position of the particle (x) with respect to a sta-
tionary reference at the origin is

dx(¢) L(2) .
ar w.x(t) = —— + aw, sin wyt, (Al9)
whose solution is given by
x(t) = x4 sin(wgt + 01) + N(2), (A20)
where
ao,
Xo = (0302 + wcz)l/z (A21)
and
1| ®c¢
0, = —cot™'|—]. (A22)
Wo
The noise PSD Sy(w) is as in Eq. (A4). The noise
power in a small band Aw around w, is
ksT\ 4oAo
NPmO = (K) m (A23)

The mean-square amplitude of the sinusoid gives the
power in the signal

2 2 2
V_QCL_L (A24)

SP," = = .
©0 2 2(w,2 + wy?)

The SNR in the rms amplitude x,, is

sry — (SE)T 1 e e} )
=\ NP, _(kBT)“2 8Aw/

K

and as in Eq. (A16) we use Ab; ~ Ax,, /x,, =1/ SNR,V
(where A6, is in radians).

From Equation (A22) we see that v = —(k/w,)
tan(0,), yielding,

) v  sin 26,
SNR Valentine _ 7 _
n Ay 246,

WoW, 1 W,

, SNR,",

N 2 =3
wo” t o, Ab; 0y + o,

(A26)

which gives us the final result

Wow, a

o \12
~] . (A2
0 + 0,2 (kBT) 1z <8Au)) (A27)

Valentine __
SNR, -
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